







































































Math2010 Week 12 II 1 1 ab offf eifa bb
Lagrange Multipliers

Q Whendoes f haveglobalextrema ai a

subject to constraint g c
b

Iii IT I a b 0 HyperbolaA sufficient condition
e Thelevelset 5 g c isclosedandbounded

f is continuous on S a a

By EVT f hasglobalextrema on S I IF
QuadraticConstraint for 2 variable ConicSection Rmk xy C CFO

gkif Art 2BxytCy4D EytF
also a hyperbola Y c

Sometypical examples of g c c o












































































iii y ax a 1 0 Parabola Fact By a change of coordinates
only 1 quadraticterm any quadratic constraint gangs _c canbe

transformed to one of theforms above

a o Ellipse Hyperbola Parabola Degenerate

eg 17 2 l2xyt8y11655 8155 0
Iv Degenerate Cases cut15 v2 2x y X122

1YI o a point o.o
l
t 22 1 where a g

k g

y
tuff I emptyset TV

hip O I Ift suis
aafc10

a pairof intersectinglines X

X c X 11C S
U

a pairofparallellines double lire if cO










































































lmk In thelastexample n and v are QuadraticConstraint for 3 variable
chosen so that the a axis vaxis gHey2 Ax4By'tCz't2Pxyt2Qyzt2RZX
Such u and u can befound using 1DxtEytFztG
theoryof symmetricmatrices in linearalgebra Sometypical examples of g c

Amongthenondegenerate quadraticconstraints EatYI t I a b c 0

above onlyellipse is closedand bounded How to graph it

Any continuous fixy
restrictedto an X't g't 22 1 is a unitsphere

ellipsehas bothglobalmaximin
Rescale in each
coordinate direction

Zn
It is nottrue for hyperbolaandparabola

µA continuous fixy
restrictedto a hyperbola I

fb
Y

or parabolamaynothaveglobalmaximin L Ellipsoid










































































Graph Yb L Y I 1

Upto rescaling can assume a b c l Zn

x y 22 1

Let r y s ydistancefrom lay z to zaxis r Revolve
around Xt

E Z N zaxis
Cao

A aB
r z I X4y 22 1

y peggy y Hyperbola Hyperboloidof sheet
around L
Zaxis

Ex Graph
r E I Tty 22 1

Hyperbola Hyperboloidof 1 sheet y 22 0 Elliptical cure

z x2ty Elliptical ParaboloidRink A riz 5,54 on

13 10,5124 C l 3 4,124 on Z K Y Hyperbolic Paraboloid

















Graphs of standard quadratic surfaces Source philschatz.com










































































Besides the standardnondegeneratecases Similar to the caseof 2variable i
above there are alsodegeneratecases

Anyquadratic constraint guy E C

including cylinders of conic sections can be transformed to one of the

eg
standardforms bya changeof coordinates

n X'ty 1 Amongthe cases abore onlyellipsoid
is closed and bounded

Cylinder of Ellipse Any continuousfuryz restricted to an

ellipsoid has bothglobalMaximin

E X It is not the case for otherquadratic
surfaces

Cylinder of parabola










































































3acktofindingmaximinunderconstraint UseLagrange Multipliers
1 1212 1yeg Find thepoint on the ellipse Pf RpgK O RIX 12gx't xyty 9 ExWhy 8 9
4xyty qwith maximum x coordinate

Ato
Sol let tiny X

ritzy O x 2g
gexyi x4XY Y put into

Maximize f underconstraint 9 9 czyj c zyyty 933 gs 9 y 43
Theellipse g 9 is closedandbounded

f is continuous By EVT max exists By V KY 4 253,53 or I 25 5

Ff I o Comparing X coordinates
g q

Fg arty x12g
Answer is 253 53

Note 7g Co o x y 40,0 Maxtoo

10.0 is not on the ellipse










































































eg Findthe points on the Ff 2x 2g Zz 7g y Z X Z X y
hyperboloid Xy ye ZX 3 NotePgt Loo.O on g 3
closest to the origin UseLagrangeMultipliers

Rmk Standard argument can be Of _Rtg g g x y 21 111 I 1

Used to showclosestpoints exist 8 3 Ex

However thehyperboloid is unbounded Note f11 I 1 fl l I 1 3

farthestpoint doesnotexist Closestpoints are Ill ti l

Sol correspondingdistance 13
let fury z HIXy Z lo 0,0113

x'tuft22
Minimize f underconstraint g 3

glx.ge Xy ft Zx 3










































































Lagrange Multiplierswithmultipleconstraints eg Maximize fixyzs x42y z
Let f gigs rigk beC functions on RER on the line L 2 4 0

Y 12 0
in 1133

S x c SL gilt Ci i i K
It is given that f has maximum M L

Suppose Sol Let g ixy z 2x g
a is a localextremum off on S gaCx.y.ZkytZ
yg.ca o Pgida arelinearlyindependent Pf 2x 2 Zz

Then Tgi 2 I 0 is linearly
f a AiTgCa forsomedei DKEIR Pg o 1 I L independent

gila Ci for it k Use Lagrange Multipliers

Tf Rpg 1dogs

I










































































Hence 2x 2x 10112 eg Find thedistancebetween
2 11 111
22 011 1A b Xy 1 and L xt4y 15g
II

Iii i.u.n.my a
2x y z

a x ne Zz

X 22 2

x 14 2 x Sol Let fixy.u.vn lx.ys cu.vsH2

y E E E A aptly up

Since solution is uniqueandmax exists
To find distance

Minimize fk.y.u.ir underconstraints
itmustoccurs at Hy21 15145 4J g x.y.mu xy l

with max value f E 4J 5 goingUN ut4v










































































Tf 2K u Hy V 2K u 21gV Case1 If a O or 172 0 then

7g y x 0 O x u y V

Pg O O I 4
x T 4g

Pg 7g are lin indept Kip 0,0 tf 4g y 1

But xy l 7g 7g arelin indept 4ft y 1 0

on gel and gets No real solution
UseLagrangeMultipliers Case2 If ii Arto then

2K a day
Pf Rpg 1 0 21gV a x 4 II X 4y
g 2K n iz i

aye g It
is 214 4 4 292 8

y
x g 2 I or I 2 II

u 14










































































If x g 2 I Comparing the two solutions

2 u I
4 8 44 1

2 V f attainsminimum at thy uv 2 I o

Distancebetween band L fl2 s o
4utv I

2
117

Ut4v 8

cant45.0 G
L

c 2,356
If IX g L 2 It if 12 z

q
Similarcalculation

oooh

1 115,0

un _f Yf 3 t2 II












































































Implicit FunctionTheorem eg2 Sixty't E 2 in 1123

Q when can we solve a constraint Q 3variables 1equation S is 2 dimsurface
Forexample if gripe can we find Solve for E hlx.gs X KlyiZI
y hix suchthat glx.hn c

Wefocus locally near 10,111
eg1 Considerlevelsetgk.gs F y 0 If we cansolvefor 2 as a differentiablefunction

gO 2 2 Ky near 10 I l
y X near l l l

i.e harker byimplicitdifferentiation on x4y't 2 2

2
Jx 2 122377 0

y X hear 11 1 a 2g 122 22 0
lie nurse x Ty ay

0 123 0
At ixg 21 10.41 2 222 0

Near o.o y x y X or 11 1 ay

y is notuniquelydeterminedby Ex Fy lo I at 10.41






























































Howabout x as a differentiablefunction let gcx.gr x y't E
X Xly z near 10,1 1 Difference in the two cases

If so by implicit differentiation At 10,1 1 fz 2z to

2x yt2y O
coefficientof y of 2X Oy ar

z is 0
zz 2x 122 0 In general given constraint FKiya C

1 2 0
Put lxiy.zt co.in o

If E 2IX y thenbyimplicitdifferentiation1 2
Contradiction Fx fix 1 L 0

x is not a differentiablefunction Fyi dFt z y
O

ay
of y 2 hear 1011111

If Fia c giza o then hassolution
leason For x'tuft2

2 2 Nocontradiction
If Ya I a littlebit no solution for

Z ZKY mayexistand

If g za a littlebit 2 solutions for X 3 Ey ftp.yaylf aTfIylaT



eg3 Multiple Constraints Forinstance if IXgZ 0,1 1

g x't y't22 2 3 variables 2 2 O
x t 2 2equations o 1

adf.FI
i

Q e is 1 dimcurve gyin E Z
fd f fi 9 LIf we can solvefor g z as differentiable

functions

ycxs.zcxsfffflifmifia.im2kt 2Ydd t2Zd O Ingeneralgiven F ixyzg c

I t dd O Fdny Cz

Suppose Fila b c Ci ie 1,2

2ft211 Dothereexist differentiablefunctions

gyn 2CX near a b c suchthat
If this linear systemhas a solution F ix yah 2CH C

ythen ggirl E ex mayexist Fix yK ZK Cz



If so byimplicitdifferentiation Generally

tI ydd tY 0 given ntk variables

xt yad tf d o k equations

i i IFIX XnYi ifk Ck

When can y i

yk be expressed asI5h lay I
ay 02 functions of Xi Xn locallyf exists at aYa.be
yiaTEziaT

i Implicit Function Theorem
then Kyla 5h lay ay OktayDX ay o2 ax

Atlas 3Egia ta 5h15DX 2X


